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Spinning C-metric: radiative spacetime with accelerating, rotating black holes 
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The spinning C-metric was discovered by Plebariski and Demiariski as a generalization of the 
standard C-metric which is known to represent uniformly accelerated non-rotating black holes. We 
first transform the spinning C-metric into Weyl coordinates and analyze some of its properties as 
Killing vectors and curvature invariants. A transformation is then found which brings the metric into 
the canonical form of the radiative spacetimes with the boost-rotation symmetry. By analytically 
continuing the metric across "acceleration horizons" , two new regions of the spacetime arise in which 
both Killing vectors are spacelike. 

We show that this metric can represent two uniformly accelerated, spinning black holes, either 
connected by a conical singularity, or with conical singularities extending from each of them to 
infinity. The radiative character of the metric is briefly discussed. 
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I. INTRODUCTION 
> 

in 

r — ' The static part of a spacetime representing the standard, non-spinning vacuum C-metric was originally found by 

Levi-Civita in 1917-1919 (see references in (!]]) but it was only in 1970 when Kinnersley and Walker |2) understood, by 
choosing a better parameterization, that it can be extended so that it represents two black holes uniformly accelerated 
in opposite directions. The "cause" of the acceleration is given by nodal (conical) singularities ("strings" or "struts") 
along the axis of symmetry. By adding an external gravitational field the nodal singularities can be removed JH] . If the 
holes are electrically (magnetically) charged the field causing the acceleration can be electric (magnetic) HJT These 

CJ types of generalized C-metric have been recently used in the context of quantum gravity - to describe production of 

black hole pairs in strong background fields (see, for example, ||, ||, 0). 

5— i . From the 1980's several other works analyzed the standard C-metric. Ashtekar and Dray M were the first to show 

PP' that the C-metric admits a conformal completion such that its null infinity admits spherical sections. Bonnor || 
transformed the vacuum C-metric to a Weyl form, in which the metric represents a "spherical particle" (in fact the 
horizon of the black hole) and a semi-infinite line mass, with a strut holding them apart. By another transformation 
Bonnor enlarged the spacetime so that it became "dynamic" , representing two black holes ( "spherical particles" in 

i3 . terminology of H) uniformly accelerated by a spring joining them. In 1995 Cornish and Uttley p0[ simplified Bonnor's 
procedure and extended it to the charged case pj . Most recently the black- hole uniqueness theorem for the C-metric 
has been proved Jl2| . 

In none of the above works, however, has the basic fact been emphasized that the vacuum C-metric is just one 
specific example in a large class of asymptotically flat radiative spacetimes with boost-rotation symmetry (with the 
boost along the axis of rotational symmetry). From a unified point of view, boost-rotation symmetric spacetimes with 
hypersurface orthogonal axial and boost Killing vectors were studied geometrically by Bicak and Schmidt p3]. We 
refer to this detailed work for rigorous definitions and theorems. In fact it is no surprise that the C-metric was for a 
long time analyzed in coordinate systems unsuitable for treating global issues such as the properties of null infinity. 
It is algebraically special, and the coordinate systems were adapted to its degenerate character. In polar coordinates 
{£, p, <f>, z} the metric of a general boost-rotation symmetric spacetime with hypersurface orthogonal axial and boost 
Killing vectors, 
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d , d d 

T4> and z di + t d- z > (1) 

has the form (sec flf], Eq. (3.38)): 

ds 2 = e A dp 2 + pVdc/) 2 + 5 X 5 ((e A z 2 - e^i 2 )dz 2 - 2zt(e A - d l )dzdt - (e^z 2 - e A £ 2 )di 2 ) , (2) 

z 2 — t 2 

where p and A are functions of p 2 and z 2 — t 2 , satisfying, as a consequence of Einstein's vacuum equations, a simple 
system of three equations, one of them being the wave equation for the function p. The whole structure of the group 
orbits in boost-rotation symmetric curved spacetimes outside the sources (or singularities) is the same as the structure 
of the orbits generated by the axial and boost Killing vectors in Minkowski space. In particular, the boost Killing 
vector (El) is timelike in the region z 2 > t 2 . It is this region which can be transformed to the static Weyl form. 
Physically this corresponds to the transformation to "uniformly accelerated frames" in which sources are at rest and 
the fields are time independent. 

However, in the other "half of the spacetime, t 2 > z 2 ("above the roof in the terminology of [|13|), the boost 
Killing vector is spacelike so that in this region the metric (g) is nonstationary. It can be shown that for t 2 > p 2 + z 2 
the metric can be locally transformed into the metric of the Einstein-Rosen waves. The radiative properties of the 
specific boost- rotation symmetric spacetime were investigated long ago E3], and for more general metrics in jlql, [16|, 
|L7[ . The boost-rotation symmetric spacetimes were used as tests beds in numerical relativity - see the review|18 for 
more details and references. 

Now in all the work mentioned above it was assumed that the axial and boost Killing vectors are hypersurface or- 
thogonal. Recently, Bicak and Pravdova p9| analyzed symmetries compatible with asymptotic flatness and admitting 
gravitational and electromagnetic radiation. They have shown that in axially symmetric electrovacuum spacetimes in 
which at least locally a smooth null infinity exists, the only second allowable symmetry which admits radiation is the 
boost symmetry. The axial and an additional Killing vector have not been assumed to be hypersurface orthogonal. 
In pJ the general functional forms of gravitational and electromagnetic news functions, and of the total mass of 
asymptotically flat boost-rotation symmetric spacetimes at null infinity have been obtained. However, until now no 
general theory similar to that given in |U| in the hypersurface orthogonal case is available for the boost-rotation 
symmetric spacetimes with Killing vectors which are not hypersurface orthogonal. Nevertheless there is one explicitly 
given metric which can be expected to serve as an example of these spacetimes - the spinning vacuum C-mctric. It 
was discovered by Plebahski and Demiahski [M in 1976, studied later by Farhoosh and Zimmerman UW, and very 
recently briefly discussed by Letelier and Oliveira p2[ . In none of these works, however, was the boost-rotation char- 
acter of the spacetime properly analyzed. In particular, "the canonical coordinates" in which the metric represents 
a generalization of the metric (g) so that global issues outside the sources could properly be studied have not been 
found so far. 

The main purpose of this paper is to find such a representation of the spinning C-metric (SC-metric) which would 
generalize (0) and, thus, could also serve as a convenient example for building up the general theory of boost-rotation 
symmetric spacetimes with the Killing vectors which are in general not hypersurface orthogonal. 

In the next section we first write the Plebahski-Demiahski class of metrics feiOfl , specialized to the spinning vacuum 
case, discuss the ranges of parameters entering the metric and indicate the limiting procedure leading to the Kerr 
metric. In Section III the SC-metric is transformed into Weyl coordinates. This is not an easy task, fortunately we 
succeeded in generalizing the procedure Bonnor || used for the standard C-metric without spin. We show that, by 
choosing different values of the original Plebahski-Demiahski coordinates we can, in principle, arrive at various Weyl 
spacetimes. 

The properties of Killing vectors and of some invariants of the Riemann tensor lead us, in section IV, to choose 
a physically plausible Weyl spacetime which contains both the black-hole and the acceleration horizon. Similarly as 
has been done with the standard C-metric M, 63], we concentrate on this Weyl portion. In section V the metric is 
transformed into the "canonical form" of boost-rotation symmetric spacetimes with Killing vectors which need not be 
hypersurface orthogonal (see Eqs. (p6[)-(p7|)). By analytically continuing the resulting metric across the acceleration 
horizons ("the roof), two new regions of spacetime arise as in the standard case of the C-metric without spin. 

Let us emphasize that it is only now, after having described the spacetime in coordinates in which global issues 
can be addressed, that we are able to fix coordinates t, (f> and two Killing vectors appropriately. The importance of 
this fact is briefly discussed in relation to the most recent work |22] in which a transformation to the canonical form 
was not performed. We also show that, analogous to the C-metric without spin, the axis of symmetry contains nodal 
singularities between the spinning "sources" (holes) which cause the acceleration, and is regular elsewhere; or the axis 
can be made regular between the sources but then the nodal singularities extend from each of the sources to infinity 
(see Fig. 4 a, b). 



Finally, in our concluding remarks we briefly compare our results with those obtained recently in p^j . We then give 
two figures, constructed numerically, exhibiting clearly the radiative character of the SC-metric. A detailed analysis of 
the radiative properties of the SC-metric and of its analytic extension into the holes' interiors will be given elsewhere. 

II. SPINNING C-METRIC 

Plebahski and Demiahski |2(J] gave their class of metrics in the coordinates {r, p, q, a} in the form 

d* 2 = ^ Q ; P9 V - f V - ^V + E{ %- P) ^ - 2 ^ QP2 F +Pq2) ^a, (3) 

where 

P = 7 - ep 2 + 2 rap 3 - jp 4 , (4) 

Q = -7 + e <7 2 + 2 m 9 3 + 7 gr 4 , (5) 

£ = b+?r 2 , (6) 

F=l+pV, (7) 

77i, 7, £ being constants. The choice of the exact ranges of dimcnsionless coordinates p, q will be specified later, at this 
point we consider p, g£ R; the coordinates r, a have dimension of (length) 2 , and we also take r, a £ R. In the general 
form of Plebahski-Demiahski metric (Eqs. (2.1), (3.25) in pQ]) we put the parameters n, e, 5, A, corresponding to 
the NUT parameter, electric and magnetic charge, and cosmological constant, equal to zero. If parameter m = the 
spacetime is flat. It is not straightforward to obtain standard metrics from (0). In [E0( it is shown (see also H) that 
the stationary (non-accelerated) Kerr solution can be obtained by scaling the coordinates and, simultaneously, the 
parameters as 



p> I 

I q' 



= W' a = l 3 a' 



m = r 3 m' , e = rV , 7 = r 4 7 ' . (8) 

Then, after taking the limit I — > 00 and putting 

m' = M , e' — 1 , 7' = a 2 , p' = —a cos 8 , </ = r , c/ = — 0/a , r' = t + a^> , (9) 

we obtain the standard Kerr metric with mass M and specific angular momentum a in the Boyer-Lindquist coordinates. 
If e = m 2 /7, the limiting procedure leads to the extreme Kerr hole with a 2 = M 2 . It is worth noticing that in this 
case the quartic P can be factorized, P = — 7~ 1 (7P 2 — mp + j)(jp 2 — mp — 7). If e > m 2 /j, we obtain a general Kerr 
black hole; with e < m 2 /j - a Kerr naked singularity. Another limiting procedure (see pfl], m) leads to the C-metric 
without rotation. 

In the following we shall restrict ourselves to the general case in which the polynomials (H) and (ph have four different 
real roots. We thus omit the special cases which may be of interest (cf. ||, |p3[ ) but will be dealt with elsewhere. 
Notice that if pi is the root of the polynomial P given by Eq. (0), then qi = —pi is the root of the polynomial Q (Eq. 
ml)). The analysis of the 4th-order polynomial (ph shows that if 7 is chosen positive, the polynomial has four different 
roots provided that 

e > 2^37 , 
e(e 2 + 36 7 2 ) - (e 2 - 12 7 2 ) 3 / 2 e(e 2 + 36 7 2 ) + (e 2 - 12 7 2 ) 3 / 2 

54 7 < m < 547 ' ^ ' 

In Fig. 1 we illustrate the allowed range of the parameters for 7 = 1. 
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FIG. 1. The allowed range of parameters e and m 2 for 7 = 1. If a point (e,m 2 ) is "between" the two curves, then both 
polynomials P, Q have four distinct real roots. 

Returning back to the metric ([|) - (Q), we immediately observe that it has two Killing vectors, 



d , d 

— - and — - . 
or da 



(11) 



III. SC-METRIC IN WEYL COORDINATES 



We just saw that the SC-metric has two Killing vectors (|llj). We also noticed that in a limit it goes over into the 
C- metric without rotation (cf. [|l|) which is known to be axisymmetric and in some regions static. Hence, we expect 
that the SC-metric can be converted into a standard Weyl-Papapetrou form 



As 1 



-2U j/lv 



e 2 "(dp z +dz z ) + p 2 d£ z 



,2£/ 



(dt + Ad<ff 



where functions U , v, A depend only on p and z, ip € (0, 2n), p 6 (0, 00), t,z € R. 
Vacuum Einstein's equations imply 



(12) 
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Axial and timelikc Killing vectors 
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di 



\dv _ dUdU e iU dAdA 
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k9) - q^ > fo 



d_ 



determine invariantly the cylindrical-type radial coordinate by the relation 

P = 9tq> ~ 9ii 9-p-f = (£(£) 1 €(<p) ) ~ {£,(i) , £(£) ) {€(0) , £(g>) ) 



(13) 



(14) 



(15) 



In the following we shall consider points with p = as "lying on the z-axis of axial symmetry" . This is indeed the 
axis of Weyl's coordinates, however, it must be born on mind that p = is a real smooth geometrical (physical) axis 
only there where the metric dl2) satisfies the regularity conditions 



lim 

p — >oc 



X a X'' 

AX 



= 1 , where X = ^) a ^) , a = - 3. 



(16) 



We shall see that for some intervals of z the points p = may represent either a horizon of a rotating black hole or a 
rotating string - regularity conditions (|16|) are then not satisfied. The norms of the Killing vectors will enable us to 
distinguish between horizons and strings. 

In order to convert the original metric @-(0) into the Weyl-Papapetrou metric (|12|), we shall seek the transformation 
of the form 

P = P(p>l)> z = z{j>,q) , i=i{T,o) , <p = <p(t,(t). (17) 

Since the Killing vectors (|ll|) must be linear combinations with constant coefficients of the Killing vectors (O) , we 
can write 

dr = Ki di + K2 dip , 

da = n^dt + K4 dip , (18) 

with K\ . . . K4, constants. As a consequence of ( |17J ) and ( fL8[ ) we find the metric components associated with the Killing 
vectors to be given in Weyl coordinates by 

E / 2 2 

g<P<p = -p ((~«2 +P 2 k a ) Q-{n i + q 2 n 2 ) P 

9<pt= ~B (( _K 1 +P 2 ^) (~«2 +P 2 K4) Q - («3 + q 2 Ki) (« 4 + g 2 K 2 ) ^) i 

fftT = |((- Kl +pV) 2 Q-(K3 + e?V) 2 P) . (19) 



Substituting these components into Eq. (|15[), we arrive at surprisingly simple expression for p: 

-2 _ E 2 K 2 P q f ^ = ^ K3 _ Ki ^ _ ^ 

Notice that this result is in a disagreement with the last Eq. (34) of E3]; there only the first term should appear. 
Turning now to the transformation of variables p, q into Weyl's p, z, we first write 

dp = Adp + Bdq , 
dz = Cdp + Vdq . (21) 



Functions A and $ can be determined from Eq. (p0[). Functions C and 2? can be obtained by inverting relations (|2l|), 
substituing into the original metric (||) and demanding that gpp = g gs , gpz = 0. In this way we find 

d I „ r— -\ „ ..9 



A = IC dp~{ E ^) ' 6 = /C ^( SV ^)' (22) 

C ~ T P ' ^ _± Q ■ 

Since C = dz/dp, T> = dz/dq, and the integrability conditions dC/dq — dV/dp — are satisfied, we can integrate for 
z. Regarding Eqs. (f|) - (0) we obtain 

_ , ir ,(-l-sqp-7nq 2 p + mqp 2 +~iq 2 p 2 \ 

z = T|/c| 1 (^7 ) ' (23) 

where we put an additive constant equal to zero. We thus arrive at the metric functions determining the Weyl- 
Papapetrou line element (113) in the form: 

(24) 
(25) 

(26) 



e 2U = 


~9tt 1 


e 2 " = 


~9pp9u 


A = 


9tcp 



where 



9TT 



EF 



and grjy, gi^ are given by Eqs. (fL9|). In this way we succeeded in expressing the Weyl metric functions in terms of p, q. 
In order to find these functions directly in the Weyl coordinates, we have to invert relations (see Eqs. (|20|), ( |23| ) 
and §), (|)) 

- y ~7 ~ £ qP - mq 2 p + mqp 2 + jq 2 p 2 

Z = K ¥TqJ 2 ' (28) 

-2 /C 2 ( 7 - ep 2 + 2mp 3 - 7 p 4 )(-7 + eg 2 + 2mq 3 + 7g 4 ) 

p = (pT^ ■ (29) 

This is not an easy task. Fortunately, we can try to generalize the procedure used by Bonnor [|9| for the vacuum 
C-metric without rotation (see Eq. (11) in ||). We thus wish to find constants a.\, a 2 , a 3 , on and Zi, i = 1, 2, 3, 
such that 



. ,_ -, 2 f a x p + a 2 q + a 3 + a A pq\ 2 

+ (z-z t ) =( J . (30) 

V V+ q ) 



Multiplying the last equation by {p+q) 2 , regarding expressions (|28|), (p9|), and requiring the coefficients in the resulting 
polynomial to vanish, we get 

w nr /C 2 m 7 /Cmz 4 

ai = -Wi , a 2 = VVj , a 3 = , a 4 = , (31) 

where Zi//C are the roots of the equation 

2{z l /JCf + eiz.jK) 2 + 2 1 2 {z t /K.) + e 7 2 - m 2 7 = , i = 1, 2, 3, (32) 

and 



W t = X //C 2 7 2 + z 2 . (33) 

Next we introduce functions 



Ri = ^p 2 + (z - zi) 2 > . (34) 



After substituting for ot\ ... 014 from Eq. (|31|) into the relation (gOJ) and taking square roots, we can rewrite the 
functions i?j in the form 



in which e^ is chosen +1 or —1 so that the right-hand side of fl3q ) is indeed positive. Eq. ( p5[ ) represents three 
dependent equations for p and q as functions of p and z. These can be easily solved if first simple new variables such 
as, for example, pq, p + q, —p + q are introduced. Finally we succeed to express p and q as follows: 

01 — S2 
P 



25: 



:i 



9= ^T' (36) 



where 



5i = -e 1 e 2 e 3 IC 2 mj(z 1 - z 2 )(zi - z 3 ){z 2 - 23) , 

5 2 = 7 m/C 2 (e 2 e 3 (z 3 - z 2 )WiRi + eie 3 (zi - z 3 )W 2 R 2 - eie 2 (zi - z 2 )W 3 R 3 ) , 

5 3 = -e 2 e 3 {z 3 - z 2 )(/C 2 7 2 - 22^3)^1^1 + e x e 3 {z 3 - *i)(£V - ziz 3 )W 2 i?2 (37) 

+ ei e 2 (5i - z 2 )(/C 2 7 2 - z 1 z 2 )W 3 R 3 . 

Therefore , by choosing different values for ti in the last ex pre ssions, we arrive at different p's and g's according to 
relations (j^) and, thus, to different Weyl metric functions (g4|) - (£6|). Because there exist eight different choices for 
ti we get in principle eight different Weyl spacetimes. Their properties will be analyzed in the next section. As we 
shall see, only four of them have the signature +2, which we are using in this paper. 



IV. PROPERTIES OF THE SC-METRIC IN (p, q) AND (p, z) COORDINATES 

First we shall study the character of the Killing vectors. In particular we seek a region of spacetime in which there 
exists a linear combination (with constants coefficients k\, k?) of Killing vectors, 



, d 1 d 

OT OCT 



(38) 



which is spacelike, and another combination which is timelike so that the region is then stationary. Hence, the 
quadratic form 



9apV a V P = k l9r T + Zhfagro + k\9<yo 



(39) 



must there be indefinite. This implies that the matrix gAB, A B = r,a, (given by Eqs. (f|) - (J7])) has eigenvalues 
Ai, A2 satisfying A1A2 < 0. Since it turns out that 



the stationary regions are those in which 



AxA 2 = ~E A PQ 



PQ>0 



(40) 



(41) 



The analysis of the eigenvalues Ai, A2 reveals that Ai + A2 = — (E/F)(P(1 + q A ) — Q(l +p 4 )) and since sign(AiA2) 
= — sign(PQ), we find out that the metric ffi) has the signature —2 if P > 0, whereas P < implies signature +2. 
Since in this paper we are choosing the signature +2, we take P < 0. 

The character of the regions described by the specific intervals of (p, q) coordinates is best understood by plotting 
them in the schematic Figure 2. Here Pi < P2 < P3 < Pa & n d q\ < q-2 < <?3 < 94 denote the roots of the polynomials 
P and Q, the numbers 1, . . . , 5 indicate regions between individual roots or between a root and infinity. Notice that 
the Figure is schematic in the sense that the squares are plotted to have the same size, even though the lengths of 
the intervals between the roots are not the same. 
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FIG. 2. The schematic illustration of the character of the regions described by the specific intervals of (p, q) coordinates. See 
the text for the details. 



Now in the polynomials P, Q we choose, without loss of generality, parameter 7 > 0. Since our signature +2 requires 
P < 0, we consider only the squares in the columns 1, 3, 5. In the squares which represent stationary regions, the 
inequality ( pd| ) is valid - in Fig. 2 these squares are shaded. By numerically analyzing the right-hand side of Eq. 
( Pq ) we can make sure that in the squares {2, 1} and {2, 5} all parameters e, = — 1, in {4, 1} and {4, 5}, t\ — 62 = 1, 
£3 = — 1, in {4, 3}, ei = £3 = 1, £2 = —1 and in the square {2, 3}, which will play the main role in the following, we 
find £1 = — 1, £ 2 = £3 — 1. 
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FIG. 3. The square {2, 3}, withp £ (p2,Ps), q € {qa, 54). The locations of infinity, the axis, and the black-hole and acceleration 
horizon are indicated. See the text for the details. 



The shaded square {2,3} is illustrated in detail in Fig. 3. The boundaries of the square represent the axis p = 
because of the relation (EG) . The transformation pq) implies that the vortices of the square correspond to the roots 
Zi of the equation ([32|) . From the same transformation ( 2j|) we also see that the lower left vortex L (corresponding 
to P2, 93) is special: when it is approached along two different edges of the square we arrive at either z — ► +00 or 
z — > —00. In addition, by approaching this vortex along different lines from the interior of the squares we can achieve 
various values of z and p. 

Since the character of the Killing vectors depends on the eigenvalues Ai, A2 (cf. Eqs. (J39[), (|40|)), and on the 
boundaries of the square either Ai = or A2 = 0, just one of the Killing vectors has to be null there. Between z\ and 
Z2 all other Killing vectors are spacelike so that this part of the axis will describe the Killing horizon, the same being 
true for the boundary between L and £3. Later we shall see that the segment between z\ and zi corresponds to the 
black-hole horizon whereas that between L and z% to the acceleration horizon. The remaining segments, between Z\ 
and L, and zi and 23, describe the axis of symmetry, p — 0, along which, however, may lay the string represented by 
a conical singularity. There exists just one combination (B8|) of the Killing vectors (corresponding to the minimum of 
the quadratic form (B9)) the norm of which is null, all other combinations (pq) give timelike vectors. 

It is useful to calculate several simplest invariants of the Riemann tensor for the metric (0): 



— R Q /3 ,- 



7^ 



2 (g-V - 15qV + i5gV - 1)0 + qf 



h = R a %sR a p 10 = -48m ., , ( . 

(1 + -p z q A Y 

r RaP RlS R eX q , 3 (ggV ~ g4gV + 126gV - 36p 2 9 2 + l)(p + qf 

(1 +p^) y 

4 (P + 9) 12 



(42) 



_ JJ"/37 | 5 / 



RaeX^pvW-iS = -144m 4 



(i+ P V) e 



Curiously, it is the last invariant which most simply indicates that asymptotically flat regions can exist only on the 
line given by 



p + q = 



(43) 



On this line invariants I\ and I2 also vanish. In Section V, where the "canonical coordinates" will be introduced, 
we shall see that indeed the point L in Fig. 3 corresponds to "points at infinity" where the spacetime is flat. The 
invariants (E2h diverge at the points 



\p,q] = [0,oo], [0,-oo], [-oo,0], [oo,0], 



(44) 



which thus correspond to curvature singularities. 

The region {2, 3} described above appears to be most plausible from physical point of view to represent a uniformly 
accelerated, rotating black hole. We shall use this region in the following. The regions {2, 1}, {2, 5} which also give 
signature +2 and contain a timelike Killing vector, imply the existence of a naked singularity. Indeed, the invariants 
( ff2| ) diverge at the point [p = — 00, q = 0] which lies in the left edge of {2,1}, and at the point [p — 00, q — 0] in 
the right edge of {2,5}. In fact one can make sure that by gluing these to edges together (and thus identifying the 
singular points) both regions {2,1} and {2,5} glued together will give one Weyl space. (Notice that e\, £2 and £3 
are the same in these regions.) Since, however, it contains a singular ring at p ^ (corresponding to the identified 



singular points at the edges) we shall not consider these regions further. We shall see in the next section that the 
region {2, 3}, after appropriate transformation and extension, gives the required form of the boost-rotation symmetric 
spacetime with Killing vectors which are not hypersurface orthogonal. 

V. THE SC-METRIC IN THE CANONICAL COORDINATES ADAPTED TO THE BOOST-ROTATION 

SYMMETRY 

Following Bonnor's analysis |9|] of the standard C-metric we now make the transformation from the Weyl coordinates 
to new coordinates in which the boost-rotation symmetry of the SC-metric will become manifest. Simultaneously, 
by analytically continuing the resulting metric, two new regions of spacetime will arise - in a close analogy to the 
C-metric without spin. The transformation 

i t 
t = arctanh— , 

z 



p = py/z 2 - t 2 , (45) 

z 2 ) , 



Z3 = \ (p 2 + t 2 - 



<p = <p , 
brings the metric (n3) into the form 

ds 2 = c x dp 2 + p 2 e-»dip 2 + -^—^ [(eV - e»t 2 )dz 2 - 2zt{e x - e»)dzdt + (e A t 2 - c»z 2 )dt 2 } 



z 2 -t 2 



where 



-2Ae"(zdt - tdz)dip - A 2 c^(z 2 - t 2 )dtp 2 , (46) 



e x = ^ u (p 2 + z 2 -t 2 ), (47) 



and functions e 2U , e 2 » and A arc given in terms of coordinates {to, z, <p} by Eqs. @, @-@, @-@, ©, @ 
and (Eq). One can easily obtain the transformation inverse to (f45J) in the form 



t = ±a/ \/p 2 + {z- z 3 ) 2 - (z-z 3 )sinht , 



P = ^p 2 + {z-z^ 2 ~+{z-zz) , (48) 

z = ±y yjp 2 + {z- z 3 ) 2 - (z- z 3 )coshi , 

where either upper signs or lower signs are valid. 

The form ( |4q ) represents a general boost-rotation symmetric spacetime "with rotation" , i.e., with the Killing vectors 
which are not hypersurface orthogonal. Putting A = 0, we recover the canonical form of the boost-rotation symmetric 
spacetimes with the hypersurface orthogonal Killing vectors the general structure of which was studied in [Jl3| . Notice 
that transformation (45) is meaningful only for z 2 > t 2 , i.e., "below the roof, using the terminology of [|13f] . Here 
it leads to the explicit forms of metric functions e^, e A , and A. Assuming then that these functions are analytically 
continued across the roof z 2 = t 2 and across the null cone z 2 + p 2 ~t 2 — 0, we find out that, by choosing the coefficients 
Ki, k<2, K3, K4 in the relation fll8| ) appropriately, the metric can be made smooth across both the roof and null cone 
except for the axis p = in general, as will be seen in the following. (In the original coordinates {r, p, q, a} the region 
t 2 > z 2 corresponds to the square {3, 3} in Fig. 2.) In addition, as a consequence of transformation (Eq), (f48|), we now 
get two rotating black holes uniformly accelerated in opposite directions, instead of one represented in the original 
Weyl coordinates, since the transformation (Eq) with the upper signs transforms the Weyl region into the region with 
z 2 > t 2 , z > 0, whereas that with the lower signs into z 2 > t 2 , z < (see Fig. 4 and discussion below). 

In order to choose the coordinates t, (p, t, ip and the Killing vectors appropriately, i.e., to fix constants k,\ . . . K4 in 
the relation (fL8|) , we analyze the behaviour of the metric at spacelike infinity. This is simpler to do in the original 
coordinates p, q where we look for a curve approaching 

p — > 00 , <p — ► const, z — ► const , t — > const , z 2 > t 2 . (49) 



In Weyl's coordinates this can be achieved by choosing a parameter v and putting p = v, z = v 2 , t =const, ip =const, 
with v — ► oo. In the coordinates p, q we can choose, correspondingly, the curve 

P = P2 + v~ 2 , q = -p 2 + v~ 4 , (50) 

P2 being the root of P, with v — > oo. This curve approaches the point L in Fig. 3. Regarding the transformation 
(Pq), (f29[), we see that indeed p ~ u, z ~ f 2 , t =const, </? =const, as required. 

In order to obtain spacetimes which are asymptotically Minkowskian along the curve (J49|), we now require 

e^ -> 1 , c A -> 1 , A -c (51) 

for ((491) 



curve 



i.e., along the curve (pOj) with v —* oo. The explicit form of gpp, given in (U7h, when expressed along the 
5(1), leads to gpp = e 2v /e 217 ~ v~ 2 ~ p -2 . The requirement (pl|) rewritten in terms of functions U and J/, leads 



to e 2U — > const, e 2zy ~ p 2 ~ p 2 (cf. Eqs. ((45[), (p7|)); it is thus satisfied if e 2C/ — > const. This implies, using Eqs 
(gj) and (|19|), the following relation for the coefficients K3 and n\: 

«3 = -P2«l- ( 52 ) 

Similarly, requiring ^4 — > along the curve (|49|), we deduce from Eqs. (^6|) and (|19| ) the relation for K2 and K4: 

k 2 = pIka. (53) 

Until now we considered the region z 2 > t 2 , i.e., "bellow the roof. Turning to the roof itself, the necessary 
condition of the regularity of the metric there reads (cf. the detailed discussion in Section V in jl3| in the case of the 
hypersurface orthogonal Killing vectors) 

e A e _M = 1 at z 2 = t 2 . (54) 

Eq. ( f47| ) then implies 

e 2r/ _ 

—p 2 -> 1 for p -> , z > z 3 , (55) 

or, in coordinates p, q, in the limit when q — > —pi = +(73, p G (p2,P3), so that the lower segment Lz 3 in Fig. 3 is 
approached. Calculating this limit we find that the condition (Bq) is satisfied if the coefficient k\ is given by 

k\ = (p2(m 2 pl - 2empl + {A-y 2 + e 2 )p 2 - 4mj))~ . (56) 

Finally we wish to study the regularity of the axis p = 0. Clearly, with the SC-metric whole axis cannot be regular. 
There will be black-hole horizons mapped on the segments of the axis, along other parts string singularities will in 
general be located. These can be understood as the "cause" of the acceleration of the holes. However, pieces of the 
axis can be made regular (see again |13| for a detailed discussion of the regularity of the axis of general boost-rotation 
symmetric spacetimes with hypersurface orthogonal Killing vecors). The regularity of the axis requires 

,. 1 JcT V9^\p d<P 

llm n TTZ ppo ~ A = 1 . (57) 

which implies the condition 

c A+ '' -el at p = . (58) 

This is easy to see since from Eq. ( [iq ) we have 

9 PP = e A , g vv = p 2 e-» - A 2 e»(z 2 - i 2 ), (59) 

but calculating lim p ^o A from Eqs. (Pq), (|l9|), ( p6|) and ([45]), we find 

A = 0(p 2 ) as p -* for z > Z x , z < -Z x , (60) 

where 
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Z x = (2(z 3 - zi) + t 2 ) 



1/2 



(61) 



Hence, the condition (pq) requires e~ v — > 1 for p —>■ p2 , — P2 < <7 < — Pi (cf. Fig. 3). This implies 



-2„2 



so that the axis will be regular in the regions extending from the holes to infinity if 



K^ 



(62) 



(63) 



Therefore, we have now fixed all constant parameters Ki . . . K4 in terms of the original parameters m, e and 7 (the 
root P2 being determined by the solution of P = where P is given by Eq. (]4|)). The axis is thus regular for z 2 > Z\. 
As a consequence of transformation (Ha) we find two accelerated black holes "located" at the axis at the two segments 
(Z2, Z\) and (— Z\, —Z2), where Z\ is given by expression (pl|) and 



Z 2 = (2(z 3 - z 2 ) + t 2 ) 



1/2 



(64) 



The situation is illustrated in Fig. 4a. As in the Weyl picture (and in the case of a non-rotating C-metric) we do not 
get the "inner parts" of the holes - these can be obtained only by analytic continuations across the horizons located 
at (Z2,Zi) and (— Z\,— Z%). However, it is not difficult to see that the Killing vector d/di becomes null outside the 
axis - this corresponds to the outer boundary of the ergoregions. 





FIG. 4. Two uniformly accelerated spinning black holes 

a) connected by a spring between them, 

b) with string extending from each of them to infinity. 

Between the accelerated holes, i.e., for z <E (—Z 2 , Z 2 ) : a nodal (string) singularity occurs (violating conditions d57J), 
(p8|) ) which can be understood as causing the accelerations of the holes away from each other. It is interesting to 
observe that there exist causality violation regions around this nodal singularity (here g Vip < 0) which tend to be 
dragged along with black holes. A detailed discussion of these regions, as well as of the ergoregions of the SC-metric, 
will be given elsewhere. 

Here, let us yet notice that, similarly to the non-rotating C-metric and, indeed, to the case of all boost-rotation 
symmetric spacetimes |13| , we can construct SC-metrics in which the axis is regular between the holes and strings are 
located outside them, i.e., at z > Z%, z < —Z\ (see Fig 4 b). As a consequence of the field equations function A in 
the metric ([f6|) is constant along the axis outside the horizon, its value being different at z > Z\, z < — Z\ from that 
at z € {—Z2, Z 2 ). (This can be checked by analyzing directly the expression for A given by Eqs. (p6|), jl9|), (pf) , (J37|) , 
(|45|) ) . In the above case when the nodal singularity extends between the horizons, A — at the axis for z > Z\, 
z < —Z\ (see Eq. (p0|)), but A = A a ^= at p = 0, z € (— Z 2 , Z 2 ). Since field equations allow us to add an additive 
constant to A, we may just take A{p, z, t) = A(p, z, t) — Aq which implies a regular axis between the holes but nodal 
singularities at z 2 > Z 2 (see Fig. 4 b). 



VI. CONCLUDING REMARKS 



Our main result is the explicit representation (Hq)-(f47]) of the spinning C-metric as a spacetime with an axial and a 
boost Killing vector which are not hypersurface orthogonal. This has been achieved by first transforming the original 
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form of the metric into the Weyl coordinates and, subsequently, by going over to coordinates adapted to boost-rotation 
symmetry. Simultaneously, two new "radiative" regions of the spacetime arise in which the boost Killing vector is 
spacelike. 

Indeed, it is easy to see that under the transformation (fJ5|), fliq), the Killing vector £m = d/dt goes over into 



i 



<:) 



t- 



d 



dt dz 



(65) 



This is the boost Killing vector which in the coordinates adapted to the boost-rotation symmetry of the SC-metric 
has everywhere the same form as in flat space. Its norm is given by 

\e = -e»(z 2 -t 2 ). (66) 

One can make sure that, after analytically continuing the metric (J46|) into the region t 2 > z 2 , the norm ( p6| ) is always 
positive there so that the Killing vector is spacelike. 

Very recently Letelier and Oliveira |22| gave an incomplete transformation of the SC-metric into the Weyl form. 
However, these authors did not choose the Killing vectors and, thus, also the corresponding coordinates t and (p which 
would reflect the boost-rotational symmetry of the SC-spacetimes. In fact in contrast to our Eq. ( J18| ) relating (t, a) 
to (t,(p), they put simply r ~ i, a ~ (p. In addition, their formula for the radial coordinate is not correct (in their 
last Eq. (34) the second term proportional to (a/m) 2 should not appear). This leads to an incorrect "location" of 
the axis in their Fig. 1 etc. 

From the form (|46|) we have seen (cf. Eq. (|l])) that the coordinates can be chosen so that the metric becomes 
explicitly Minkowskian at spatial infinity. We did not analyze rigorously the structure of null infinity where we 
expect to find a non-vanishing radiation field as it exists in the standard C-metric and, indeed, in all boost-rotation 
symmetric spacetimes JlSJ]. Here we confine ourselves to giving Fig. 5 which demonstrates the radiative character of 

the SC-metric. In the figure the invariant proportional to I 3 12 and I 3 6 , where 1% is given by Eq. (J42|), is plotted at a 
fixed time t = to > and at different times. The radiative field has the character of a pulse, as was noticed many 
years ago in |14[| for the special boost-rotation symmetric solutions with hypersurface orthogonal Killing vectors. It is 
also of interest to plot the gradient of g v t ~ ^4 as a function of time: here again the pulse character can be observed. 
Although we did not here analyze the radiative properties of the SC-metric rigorously, it is most plausible to 
expect that in the situation described by Fig. 4b one can give arbitrarily strong hyperboloidal data (see E4] for 
a recent review and references on this approach to the initial value problem) on a hyperboloid "above the roof 
(t > \z\), which represent the SC-metric data and which evolve into the spacetime with smooth null infinity with a 
non-vanishing radiation field. No other spacetime of this type, with two Killing vectors which are not hypersurface 
orthogonal, is available in an explicit form. This suggests the SC-metric to become a useful, non-trivial test-bed for 
numerical relativity. 
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FIG. 5. The plot of the curvature invariants related to I3 in Q43) at fixed t — to > (Fig. 5a). The peaks are located "above" 
the accelerated, rotating black holes. The gravitational radiation pulse propagates in all directions with velocity of light and 
decreasing amplitude as seen from Figure 5b, plotted for 6 = 7r/2. 
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